Cosmological observations provide more accurate values both for background evolution of the Universe and for the structure formation. These values are given by the so-called dark energy equation of state, ω and the growth index parameter, γ. From these observed parameters, one can reconstruct the model functions in scalar tensor gravity theories. However, there is a long standing debate about the (in)equality between conformally transformed frames in scalar tensor gravity models. We show that cosmological observables are frame dependent when they are described by frame independent parameter, redshift. Thus, if the cosmological observables are interpreted in one frame, then all of the observables should also be interpreted in that frame. This explicitly shows the conformal inequality of cosmological observables. Also, our method provides the model independent analysis for STG models about various observables in both frames.
Introduction
Despite the success of the theory of general relativity, the current observed accelerated expansion of the Universe invokes the existence of mysterious dark energy. An alternative explanation for the current acceleration of the cosmic expansion is a modification of general relativity to be a more general theory of gravity at a long-distance scale. In essence, dark energy models modify the stress-energy tensor by adding an additional component with the present value of an equation of state (EOS) near a negative one, ω(z 0 ) ≃ −1. The modified gravity theories correspond to modifying the four-dimensional EinsteinHilbert action.
Even though the modified gravity theories modify the left-hand side (LHS) of the Einstein's field equations, the background evolutions of the spatially homogeneous and isotropic universe are described by Friedmann equations if one replaces the additional LHS term(s) with the effective dark energy [1] . Thus, the expansion history of the Universe can be described by an effective dark energy EOS both for dark energy models and for modified gravity theories. For this purpose, Chevallier-Polarski-Linder (CPL) parametrization ω = ω 0 + ω a (1 − a) is one of the suitable candidates to describe the general ω [2, 3] .
From this point of view, one is not able to distinguish models of different physical origins if they have the same background expansion history. Thus, one needs complementary methods beyond the background evolution of the Universe to break degeneracies among models. The growth rate of the large scale structure, f (a) ≡ d ln δ m (a)/d ln a is one of these discriminators of models [4, 5, 6, 7, 8, 9, 10, 11, 12, 13, 14] . This is due to the fact that the matter perturbations of the different gravity theories might have the different Poisson terms (source terms) for the same background evolution (friction term).
It is often useful to parameterize the growth rate, f by the so-called the growth index parameter (GIP), γ = ln f (a)/ ln Ω m (a) both in theories and in observations. Thus, the different models have the different behaviors of γ and it is also useful to adopt the various parametrizations of γ. Behavior of γ in the so-called Dvali-Gabadadze-Porrati (DGP) braneworld model [15, 16, 17] has been widely investigated [10, 18, 19, 20, 21, 22] . The GIP of generalization of Einstein-Hilbert action by a general function of the scalar curvature, named f (R)-gravity [23] has been also studied [24, 25, 26, 27] . In this model, γ has also a scale dependence in addition to time dependence. For the scalar-tensor theories of gravity (STG) [28, 29, 30] , one can obtain the specific γ for the certain STG model [31, 32, 33] . One of the common parametrizations for all models is given by γ = γ 0 + γ a (1 − a) as similar to that of ω [11] .
STG is well motivated both for theory and for phenomenology. Theoretically, there exists a ubiquitous fundamental scalar field coupled to gravity in theories which unify gravity with other interactions [34, 35, 36, 37, 38] . Also the dynamical equivalence between the metric formalism f(R) theories and a particular class of STG has been shown [39, 68, 41, 42, 43] . The same is investigated for the Palatini formalism f(R) gravity theories [44, 45] . Phenomenologically, STG naturally can explain several aspects. First, "the lithium problem" in the standard big bang nucleosynthesis (BBN) might be solved in STG due to its slower expansion than in general relativity before BBN, but faster during BBN [46, 47, 48] . The weak lensing (WL) shear power spectrum in STG is different from that of GR due to the different growth history of the matter between two models [49, 50] . The Integrated Sachs-Wolfe (ISW) effect probes modified gravities on cosmological scales through the matter potential relation due to the effective anisotropic stress [51, 52, 53, 54, 55] . Another benefit of STG is that the crossing phantom ω < −1 preferred by observations can be naturally obtained [56, 57, 58] .
There have been a number of reconstructions of specific STG models which are consistent with known observational constraints [59, 60, 61, 62, 63, 64, 65, 66, 67] . However, one needs to reconstruct theory without any specific theory a priori. Thus, we use both background and growth history parameters (ω, γ) which can be obtained from observations to find the viable subclasses of STG [11] . However, this process is done in the so-called Jordan frame (JF) where the metric tensor is minimally coupled to the matter sector. Based on this reconstruction, one also needs to investigate the background evolution in the Einstein frame (EF) by doing the conformal transformation of the metric. STG is a specific model because it can be interpreted as either a modified gravity theory in JF or an inhomogeneous dark energy model in EF. When one investigates the cosmological observables, e.g., the Hubble parameter and the growth rate in JF, one needs to convert the terms from the modified gravity into those of the effective dark energy. This effective dark energy is different from that in EF.
There has been a long-standing debate on physical equivalence of the two frames [55, 68, 69, 70, 71, 72, 73, 74, 75] . The conclusions are contradict to one another. The main discrepancies come from the fact that one uses the physical observables as a function of time which is the frame dependent quantity. Thus, one needs to describe the observables as a function of the redshift, z which is the frame independent [55] .
If the cosmological observation values obtained from two different frames are different, then one needs to distinguish two frames. One still cannot declare which frame is physical, but one needs to use the one specific frame for analysis of observables.
The background evolution and growth history of density perturbation can be described by EOS, ω, and GIP, γ, respectively. Thus, we assume that both ω and γ is determined from the observations. We briefly review how to reconstruct STG model functions F (φ) and U (φ) as a function of redshift, z in a JF by using ω and γ in the next section [11] . In Sec. 3, we derive the evolution of Hubble parameter, H and that of effective dark energy EOS, ω as functions of z in EF. We show the discrepancies between the values of Hubble parameter in Jordan frame and those in Einstein frame. We also investigate the differences between the Jordan frame effective dark energy equation of state and the Einstein frame one.
Reconstructions of F (φ) and U (φ)
We denote the frame dependent variables by using bar on them. Both the physical time, t and the scale factor, a depend on frame. However, they are not the measurable quantities in the Universe. The measurable variable is the redshift, z and this is a frame independent value as we show later. The action of the STG in the JF is given by [76] 
where G * is the bare gravitational coupling constant which differs from the measured one, g µν is the JF metric, F (φ) is dimensionless function of scalar field, and U (φ) is the potential of the scalar field φ. F (φ) needs to be positive to ensure that the gravity is attractive. S m (g µν ) is the matter action and the matter fields ψ m is universally coupled to the metric g µν . All experimental data including the Hubble parameter
/dt and redshift z = a obs /a s − 1 will thus have their usual interpretation in this JF.
The evolution equations for the background and the matter perturbation in the flat Friedmann-LemaitreRobertson-Walker (FLRW) metric are given by [11] 
3) 6) where primes denote the differentiations with respect to the e-folding number in JF, n = ln a, F 0 means F (n = 0), δ m is the matter density fluctuation, and we only consider the matter component which is relevant to the late-time universe. Later, we express above equations in terms of the redshift, z which is the frame independent quantity [55] .
It is shown that two unknown functions of STG, F (φ) and U (φ), can be reconstructed from the combination of observations of the background evolution and the structure formation [11] . The background evolution and the growth history of the matter fluctuation can be parametrized by EOSω and GIP γ, respectively. In other world, one can specify both F (φ) and U (φ) as long as both ω and γ are well measured in observations.
We adopt CPL ω and same form of γ in this reconstruction. The reconstructed F (n) and U (n) are given by
where we should assert that |F (n)| ≫ |F , φ (n) 2 |. For later use, we replace above equations (2.7)-(2.9) as a function of the JF redshift z.
As shown in the appendix, the redshifts in both the JF and the EF are the same and dynamics can be described as a function of n = ln a = − ln(1 + z) = − ln(1 + z). Thus, background evolution quantities are given by
14)
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where H 0 ≡ H(n = 0).
Conformal Transformation
We do the conformal transformation,ḡ µν = F −1 (φ)g µν , of the JF action in Eq.(2.1) to obtain
From the above Eq.(3.1), one obtains the EF Friedmann equations,
where the scale factor a ≡ √ Fā and the physical time dt ≡ √ F dt defined in the EF. Even though the above Eqs.(3.2)-(3.3) are simple, they are not the observed quantities [55] . Instead one needs to express the above equations in terms of observable quantities which is frame-independent, e.g., z = z = 1/ā − 1 [55] . The relation between the Hubble parameter in the JF and one in the EF, H and H, are related to each other by
where the conversion factor B from H to the observed EF Hubble parameter H E is defined by B ≡ d ln a d ln a = 2F 2F + F ′ [55] . In terms of the observed Hubble parameter H E , we write the EF Friedmann equations again as
From the above Eqs.(3.6) and (3.7), one can define the observed effective DE EOS in the EF ω E by
(3.8)
One can also obtain the model functions (
whereφ ≡ dϕ/d ln a andF ≡ dF/d ln a. Because both F (φ) and U (φ) are obtained from observations, one can obtain the evolutions of ϕ and V from observations. We summarize the frame dependent EOSs of the effective dark energy in terms of ln a and ln a in table.1. Primes mean the derivatives with respect to the ln a and graves denote the derivative with respect to the ln a.
One can compare the evolutions of Hubble parameters both in the JF and in the EF. As given in Eq.(3.4), the difference of Hubble parameters in both frames is given by √ F . Thus, based on the solar system test, one expects this discrepancy of Hubble parameters in two frames should be quite small. This is shown in the ln a ln a × 100, is less than 1 % for all redshifts as shown in the left panel of Fig.1 . Thus, one needs sub-percent level accuracies of the Hubble parameter measurement in order to distinguish the physical frame from observations. Now, one can compare the effective DE EOSs both in the JF, ω, and in the EF, ω E . As required, the JF DE EOS is consistent with that of Λ as −1.0 and this is shown in the right panel of Fig.(1) . The solid line in that panel depicts the JF DE EOS. The EF DE EOS is described by the dashed line and this is quite different from that of the JF. The percentage difference of the DE EOS between the two frames is bigger than 7 % at all redshifts as shown in the right panel of Fig.1 . Thus, if one interpret the cosmological parameters in the JF, then one should use the JF as a physical frame. Due to the matter coupling in the EF, it is not conformally invariant for the observables.
In Fig.2 and Fig.3 We investigate other models. We probes Ω m0 = 0.32, ω 0 = −1.2, and γ 0 = 0.554 model in Fig. 4 . In this model, Hubble parameters are almost identical to each other in both frames. The Hubble parameters in JF and in EF described by solid and dashed lines, respectively. This is shown in the left panel of Fig.4 .
However, the EOS in the EF deviates from that of the JF as much as 17 %. Also, its early time behavior mimics that of Λ until z > 0.5. This is shown as the dashed line in the right panel of Fig.4 .
We also probe Ω m0 = 0.27, ω 0 = −1.0, and γ 0 = 0.562 model in Fig.5 . The normalized Hubble parameters in the JF and in the EF described by solid and dashed lines, respectively. This is shown in the left panel of 
Conclusions
We show that unknown model functions of the scalar tensor gravity theories are determined from cosmological observations. Thus, if cosmological observables are accurate enough, then one can constrain the model functions. As we show even if the future observations are consistent with ΛCDM in both background evolutions and the growth rate of the large scale structure, the integrated Sachs-Wolfe effect can distinguish between ΛCDM and scalar tensor gravity theories. Furthermore, if one uses the one frame to obtain the model functions, then one should use the same frame in order to interpret other observables. We show the frame dependence of cosmological observables explicitly. Also, one can investigate the scalar tensor gravity models without using specific forms of them. Also, if one release the constraint of solar system test, then one can investigate more general scalar tensor gravity models which differ from general relativity even in the Jordan frame.
A Appendix
In this appendix, we summarize the expressions of some quantities in terms of both ln a and ln a.
2F −F (A.4) It is also useful to convert the derivatives with respect to the redshift z. 
